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TU/e Assignment 1

1 | Problem 1: Modeling of the Floating Telescopic Crane

1.1 | Degrees of Freedom

To determine the number of degrees of freedom (DOF), we analyze the system using Griibler’s formula
for planar mechanisms:
DOF = 3Nbodies - Nconstraints (11)

The system consists of Nyogies = 3 rigid bodies in planar motion, giving 3 x 3 = 9 potential DOF before
constraints are applied.
Constraint Analysis:

® Body 1: Since the center of mass CM; must remain on the vertical axis €3, meaning there is no
horizontal translation, one translation is constrained.

m Revolute Joint (Body 1-Body 2) at point A: This joint requires that the position of point A
computed from Body 1 must equal the position computed from Body 2. This gives 2 independent
position constraints (x and y component must match). Therefore, another 2 constraints appear.

B Prismatic Joint (Body 2-Body 3): The prismatic joint presents 2 more constraints, blocking

any relative rotation(f; = 62) and any relative translation perpendicular to the sliding axis €5.

This results in the total number of constraints: Neonstraints = 1 + 2 + 2 = 5. Therefore, total number of
DOF=9-5=14
The generalized coordinate vecor:

q = [z1,Y1,01, 72,92, 02, T3, Y3, 03] (1.2)

contains 9 coordinates. Since the system has only 4 DOF, the coordinates in q are dependent. These 9
coordinates are related through the 5 holonomic constraint equations that will be derived in Problem 1.2.

1.2 | Constraint Equations

We now know there are five constraints, so let our constraint vecor be:

h(q) = [h(a) ha(a) hs(@) ha(a) hs(@)]' =o0. (1.3)

Constraint 1 - Boat horizontal translation:
The kinematic constraint equations h(q) = 0 are derived as follows:

This ensures that CM; remains aligned with the vertical axis €3.

Constraints 2 & 3 - Revolute joint at point A:

The revolute joint at A connects Body 1 and Body 2. For a revolute joint, the position of the joint point
must be the same when computed from either body.

Position of A from Body 1 (using the body-fixed frame &*):

rg) =rom, + Ri [}?2] ,where the scalar hy should not be confused with second constraint hy(q) (1.5)

cosf; —sinf,

where R; = [Sin 01 cosb;

Expanding:

] is the rotation matrix for Body 1.

L _ |7 —hgsin€;| _ |x1 — hsinb;
rA - |:y1:| + |:h2 00501 :| - |:y1 —|—h2 c0501 (16)

Position of A from Body 2 (the joint is at distance ¢; from CM; in the negative €2 direction):

2 _ —b| |z —{;1 cos by
ra =rom +Ro [ 0 ] = [yz] * [—el sin02] (1.7)
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Setting rfj) = rf):

ho(q) = 21 — hosinfy — za + £1 cosfy =0 (1.8)
h3(q) = y1 + hacosO; — y2 + £1sinfy =0 (1.9)

Constraint 4 - Prismatic joint:
h4(q) = 93 — 02 =0 (110)

Body 3 remains aligned with the prismatic guide fixed to body 2 (no relative rotation).

Constraint 5 - Prismatic joint collinearity:

The center of mass C M3 must lie on the axis of Body 2 (along €2). The vecor from CM, to C M3 must
be parallel to €2 = [cos 0, sin 65]T. This means the component perpendicular to this axis must be zero:

hs(q) = —sinfy(z3 — x2) + cosba(ys —y2) =0 (1.11)

To conclude, the five constraints above are holonomic, since they are expressed at configuration level
as h;(q) = 0 and depend only on the generalized coordinates (not on velocities). Moreover, they are
scleronomic, since they do not depend explicitly on time.

1.3 | Kinetic Energy
For each planar rigid body 4 € {1, 2, 3} the kinetic energy is

T, = §mii‘gMiI"CMi + EJ,'GE, rcm, = |:Z::| . (1.12)

Since it has no rotational velocity, the point load my at point P contributes only translational kinetic
energy

1
.T .
TL = ierPI‘p,

s , , (1.13)
rp =rcum, + Rs rga/)CMg’ with rgg/)CMa = [61]
Hence, the total kinetic energy equals
° 1 1. ,] 1
T(q,4) = ; [5mi(a':? +97)+ éJief] + mLipEp. (1.14)
Body 1-3:
The kinetic energy of each of the three bodies is:
1 ) . 1.
1 ) ) 1.
T = 5m2(gg§ +93) + 5JQ9§ (1.16)
1 ) ) 1.
T; = 5m3(gc§ +93) + §J39§ (1.17)

Load at point P:
The load is a point mass mp, located at point P, which is at distance ¢4 from C M3 along é3:

_ 3 _ |®3+Lscosbs
rp =TcM;, +€461 = |:y3 10, sin03] (118)
Taking the time derivative to compute the velocity:
. .’i‘3 — 64 sin 0393
=ip= . 1.1
vp=rtre [1}3 + 44 cos 9303] (1.19)
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The kinetic energy of the load is:

1 1 _ o , .
T = EmLHVP”2 =5ML (43 — £a5in03603)° + (413 + £4 cos 6363)°] (1.20)

The total kinetic energy can be written in matrix form:
. 1.7 .
T(a,9) = 54" M(a)q (1.21)

where the mass matrix M(q) € R%%? has the following non-zero elements:

M1 =mi, Mpps=my, Ms33z=J, (1.22)
Mys=mo, Mss=my, Mse=J2 (1.23)
M77=m3+mp, Msgs=m3+myg (1.24)
Mgy = J3 +mpl3 (1.25)
Mz79 = My 7 =—mplysinb3 (1.26)
Mg g = Mg g = mplycosl3 (1.27)

Using the holonomic constraints h;—hs, the motion can be described with the reduced coordinate vecor

-

Ged = [11 01 02 3] (1.28)
where s is the prismatic (telescopic) joint coordinate of body 3 relative to body 2 along €2. In particular,
we parameterize the relative position as

_Q:

A 2
rcems; —Yocm, = Séq, €1

o8 92] (1.29)

sin 02

which satisfies the collinearity constraint hs(q) = 0 by construction. Kinematics after substitution of
constraints
From hl(q) =T = O,

0 0
= I = . . ]..
ronm, [m] ) o, [m] (1.30)

1) (2
A

From the revolute joint constraints ho(q), h3(q) at point A (i.e. r,” =r,’), the center of mass of body 2

becomes

rons =[] = [ Lt <o) 0
Differentiating yields
@9 = —hg cos by §; — £1 sin b, 92, (1.32)
2 = U1 — ho sin 6y 01 + ¢4 cos b bs. (1.33)
From the prismatic constraints h4(q) : 63 = 62 and hs(q) (collinearity along €2), we may write
rows =rom, + 58 = [T da—t, (134
Hence,
&3 = &g + $cosby — ssin b5 by, (1.35)
Y3 = Yo + $sinfy + s cos by 6. (1.36)
The load point P is rigidly attached to body 3 at distance £, along +¢&5. With hy we have €5 = &2, and
therefore
e = rou, + el = rou, + (s )8 = (72110 HIN s (137)
Differentiating gives
Tp =9+ $cosby — (s+ £4)sinby 65, (1.38)
Jp = 1o + $sin by + (s + £4) cos 05 b5. (1.39)
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The total kinetic energy with constraints substituted is then

. 1 5, 1 .5 1 . . 1. ., 1 ) . 1. ., 1 ) .
T (Qred; Qred) = imly% + §J10% + =my (45 +93) + §J20§ + -mg (45 +93) + 5]30% +-mp (3% +9%),

2 2 2
(1.40)
where 3,92, T3, Y3, Lp,Yyp are given by the expressions above.
1.4 | Potential Energy
The potential energy consists of gravitational and elastic components:
V= varav + VYSprings (141)
Gravitational Potential Energy:
With § = —géJ, the gravitational potential energy (taking sea level as reference) is:
Veray = m1gy1 + magyz + magys + mrgyp (1.42)
where yp = y3 + £4sin 3 is the vertical position of the load.
Verav = m1gy1 + magyz + (ms + mr)gys + mpgly sin 63 (1.43)

Buoyancy Springs at H; and Hs:

The positions of H; and Hs relative to CM; in the body-fixed frame are [—b, —h;]T and [b, —hq]T
respectively.

The vertical positions of H; and Hs in the global frame are:

N 1) wan
—hy 9
b .
YH, = N1 + (Rl |:—h1:|) =Y + bsin 01 — hl COs 01 (145)
2

The spring potential energy (with zero unstretched length, measured from sea level y = 0):

1 1
Vi, = Ekwy?-ll + §kwy?{2 (1.46)

Expanding: )
Vi, = %kw(yl — bsin@; — hy cos0;)? + 5kw(y1 + bsin6; — hy cosf;)? (1.47)

Cable Spring k; between point B and CMa:
Point B is located on Body 1 at height (hs + £1) above CM; along the body-fixed €} axis:

_ ™ 0 L (h2 +Z1)sin91
rp = [yl] + Ry [hz +el] = [yl + (ha + £1) cos 6, (1.48)

Since x1 = 0:

| —(ha+4£1)sinb;
= [y1 + (hg + #1) cos b, (1.49)

The cable length is:

Lcable = ”rCMz - 1'B” = \/(51/'2 + (h2 + él) sin 01)2 + (y2 — Y1 — (h2 + El) COoSs 01)2 (150)

Spring potential energy (zero unstretched length):

1 1
Vi = 5k1Leanie = Skillrons, —ral? (1.51)
Spring ks between CM; and CMjs:

Since the spring has zero unloaded length and at zero elongation the center of masses have an offset
of(¢ + £4), the spring potential energy becomes:

1 1 2
Vi, = §k2 (s =Ly —£y)* = Ekz (\/(-733 —22)2 4+ (y3 —y2)2 — {2 — 54) . (1.52)
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Defining the spring deformations as
Owi = YH,, Owy = YH,, 01 = Lcable, 02 =5 — (€2 + 4y),

and using yp = ys + £4sin 03, the total potential energy can be written as:

1 1 1
V(q) = migy: + magys + msgys + mrgyp + Ekw (62, +62.) + §k1 62 + §k2 62,

1.5 | Non-Conservative Generalized Forces

The non-conservative generalized forces are derived using virtual work: 6W = QI dq.
1. Wave Forces F,,, and F,,,:

These forces act vertically (along €9) at points H; and Hs.

The virtual displacement of H; is:

dym, = 0y1 + (—bcos By + hy sin b)d6;

Similarly for Ha:
6ym, = 0y1 + (bcos 0y + hy sin6;)66;

Virtual work:
6Wwave = le 5yH1 + szész

Contribution to generalized forces:

szlave = le +F'w2
Qy."¢ = Fy,(—bcos; + hysinb;) + Fy,(bcos by + hysin b))

2. Buoyancy Dampers at H; and Hs:
Vertical velocities of H; and Hs:

yH1 = yl + (_b COS 01 + hl sin 01)91
sz = yl + (bCOS 01 + h] sin 91)0.1

Damping forces (opposing vertical velocity):
Fo,n, = —dwyn,, Fan, =—duwyn,
Contributions to generalized forces:

QY™ = —dy (9, + 9u,) = —2dwgn — 2dyha sin 616
Qg?mp = —dyYp, (—bcosby + hysinb;) — dyym, (bcosb; + hysinby)

3. Motor Torque M:
The motor applies torque M on Body 2 relative to Body 1. By Newton’s third law:

Qé"f = —M (reaction on Body 1)
Qé‘;f =+M (applied to Body 2)

4. Rotational Damper d;:
The damper at the revolute joint resists relative rotation between Bodies 1 and 2:

Tdamper = _dt(éQ - 91)
Contributions (action-reaction pair):
Q‘;j = +dy (02 — 61)
o = —dy(62 — 1)

5. Actuator Force F':

(1.53)

(1.54)

The actuator force acts along the Body 2 axis €2 = [cos 0z, sin 62]T, pushing Body 3 away from Body 2:
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On Body 3:
L =+Fcosb; (1.70)
P = +Fsinf, (1.71)
On Body 2 (reaction):
= —Fcosb, (1.72)
52 = —F'sin6, (1.73)

6. Damper d (between Bodies 2 and 3):
The prismatic joint constrains the relative motion of Body 3 w.r.t. Body 2 to be along the sliding axis 5.
The relative position vector:

Ar £ rcMs —TCM,- (1.74)

By the prismatic collinearity constraint, Ar is parallel to €5, hence we may parameterize it with the
prismatic coordinate s as

Ar = séb. (1.75)
The elongation of the spring-damper element (with geometric offsets £2 and ¢4) is
0y =8 — (42 + €4), 52 =3. (1.76)

The damper contributes to the non-conservative generalized forces, its force magnitude (opposing the
relative extension rate) being

Fy=—déy=—ds. (1.77)

This force acts along €8 on body 3 and by action-reaction on body 2:
Fos=F;88, Fao=-F;&. (1.78)

Writing €8 = [cos 63, sin03]7, the contributions to the generalized forces in q become

4 = Fycosbs, 4 = Fysinfs, (1.79)
ng = —F4cosfs, 22 = —Fysin 03, (1.80)

With all 6 contributions to the non-conservative generalised forces, the final matrix is:

a1 £ —bcosb, + hysinby, az = bcos, + hysinby, (1.81)
Jm, =91 + a1 61, Jm, =91 + a2 01, (1.82)
s 2 (tom, —Toum,) - € = (&3 — d2)cosfz + (Y3 — 92)sinfs,  Fy = —ds. (1.83)
_ 0 -
(Fuy + Fu,) — dw(¥m, + 9m,)
Fy a1 + Fya2 — dy (Y, a1 + m,a0) — M+ dy(f2 — 61)
—(F + Fy) cos b3
Quc(a,q9,t) = —(F + Fy)sin 63 . (1.84)
M — dy(6; —6y)
(F + Fy)cosbs
(F + Fy)sin6s
0 i

where constraint hs(q) = 0; — 03 = 62 was substituted.
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1.6 | Equations of Motion

Using the Lagrange multiplier method for constrained systems, the equations of motion are written in
the standard form:
M(q)q + H(q,q) = S(a)7 + W(q)A, (1.85)

where:
B M(q) € R%%9: Mass matrix (derived in Section 1.3)

® H(q,q) € R%: vector containing Coriolis/centrifugal, gravity/springs, and velocity-dependent
damping terms

m 7 € R*: vector of prescribed applied loads (actuation + wave excitation)
m S(q) € R%**: input distribution matrix

m WT(q) = g—g € R5%9: constraint Jacobian

® ) € R%: Lagrange multipliers (constraint forces)

‘We choose .
T=[Fy, Fu, M F] , S@)=[sw, Sw sm sr], (1.86)

with the shorthand
a1 2 —bcosfy + hysinfy, a2 beosfy + hy sinb;. (1.87)

The columns of S(q) follow directly from the generalized forces derived in Section 1.5:

Suy=[0 1 ¢ 0 0 0 0 0 0], (1.88)
Sy =[0 1 a3 0 0 0 0 0 0], (1.89)
su=[0 0 -1 00 100 0, (1.90)
sp=[0 0 0 —cosfy —sinf; 0 cosfr sinbs 0]T (1.91)

The constraint Jacobian W7 (q) = g—g has rows:
Row 1 (h; = x4):
wi. =11,0,0,0,0,0,0,0,0] (1.92)

Row 2 (hy = 21 — hesinf; — x2 + £1 cosbs):

W3, =[1,0,—hg cos 6y, —1,0,—¢; sin 65,0,0, 0] (1.93)
Row 3 (hs = y1 + hacos 1 — yo + £ sin6y):

W3, =[0,1,—hysinfy,0,—1,4; cos 62,0,0,0] (1.94)

Row 4 (h4 = 03 — 92):
W{. =[0,0,0,0,0,-1,0,0,1] (1.95)

Row 5 (hs = —sinfa(z3 — x2) + cosO2(ys — y2)):
W5T =[0,0,0, sinfy, —cosfz, —cosbs(z3 — x2) — sinfs(ys — y2), —sinbs, cosbs, 0]. (1.96)

Differentiating the constraints twice gives the acceleration-level constraint W7 (q)§ + W7(q,q)q = 0.
Hence, the combined DAE system is:

[VJ‘\’/[T(?J) W(()q)] [2\] = [S(q)fw_(fé‘)” VI, (g =W (@,q)q (1.97)

To remain consistent with the chosen input vector T = [Fy,, Fu,, M, F]T, we split the non-conservative
generalized forces from Section 1.5 as

Quc(q,4,t) = S(a) 7(t) + Quiss(a, 9), (1.98)
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where Qgiss contains only the dissipative terms (buoyancy damping d,,, rotational damping d;, and the
damper d in the (k2,d) element).
Starting from the Euler-Lagrange equations with multipliers,

d(aT)_a_T av

a % 8q + 6q = an(q, q, t) + W(q) >" (199)

the vector H(q,q) in M(q)§ + H(q,q) = S(q)7 + W(q)A is defined as

& [4foT) _oT W a(a
H(q,q) = [ dt( aq) 8q] i’i Quiss (4, 9) - (1.100)
~ T -~ damping

inertial + Coriolis/centrifugal gravity + springs

In other words, S(q)7(t) contains the prescribed applied loads (wave forces Fy,,, Fy,,, motor torque M,
and actuator force F'), while all remaining velocity-dependent damping contributions are absorbed into

H(q,q).

1.7 | Forward Dynamic Analysis

The forward dynamic analysis is performed using dependent coordinates with Baumgarte constraint
stabilization. This approach is chosen because the problem requires computing the Lagrange multipliers
A(t), which represent the constraint forces and are directly available from this formulation.

Integrating constraints at the acceleration level A = 0 leads to numerical drift because the system is only
marginally stable (eigenvalues at the origin). Baumgarte stabilization replaces this with:

h+ 2a8h+o?h =0 (1.101)
which creates a stable second-order system for constraint errors
Since h = W ¢ for scleronomic constraints, the stabilized acceleration-level constraint becomes:
WG+ Wstap = 0 (1.102)

where
Wstap =W+ 208 W' G+ oh (1.103)

Following the lecture slides, the parameters are chosen as a = 10 (approximately wg/5 where wy is the
largest system frequency) and 8 =1 for critical damping.

Combining the equations of motion Mg + H = St + W with the stabilized constraints yields:

[Vlt’/IT ‘(;)V] [?\] - [S—Zz;;ﬂ (1.104)

This 14 x 14 system is solved at each time step during numerical integration. The state vector z = [¢',4"]|"

is integrated using a stiff ODE solver, namely odel5s in Matlab.
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Figure 1.1: Evolution of generalized coordinates ¢(t) over the 300-second simulation. Body 1 (boat)
coordinates shown in blue, Body 2 (arm) in red, and Body 3 (rod) in green.
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Figure 1.2: Lagrange multipliers A(¢) representing the constraint forces throughout the simulation.
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Constraint Violations h(q(t)) - Baumgarte Stabilization (a=10, B=1)
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Figure 1.3: Constraint violations h(g(t)) demonstrating the effectiveness of Baumgarte stabilization.

Violations remain bounded at O(107°).

The simulation results show the expected physical behavior:

® Boat motion (y;, 61): Exhibits oscillatory behavior driven by the wave forces F(¢)

10®sin?(0.1¢ + 7/4) and F,o(t) = 108sin?(0.1¢). The heave and pitch motions are bounded

by the buoyancy spring-dampers at H; and Hs.

B Arm rotation (6;): Shows gradual increase as the motor torque ramps from 0 to 8 x 10" Nm
during ¢ € [15,50] s. The rotational damper d; limits the angular velocity.

® Rod extension: The prismatic displacement increases as force F(t) ramps to 107 N, opposed by

the spring ks and damper d.

The five Lagrange multipliers have direct physical interpretations:

1. A1: Horizontal reaction force maintaining x; = 0. This represents the external force that prevents

the boat from drifting horizontally.

2. A2, A3: Internal forces at the revolute joint A in the x and y directions. These ensure kinematic

compatibility between bodies 1 and 2.

3. A4: Normal force in the prismatic joint, perpendicular to the sliding axis. This force keeps body 3

aligned with body 2’s axis.

joint guides.

As: Constraint torque maintaining 63 = 6». This represents the torque provided by the prismatic

The constraint forces vary significantly during the simulation due to the combined effects of wave excita-

tion, actuation ramp-up, and system dynamics.

With Baumgarte stabilization (o« = 10, § = 1), the constraint violations ||h(g(¢))|| remain bounded
at approximately O(10~%) throughout the 300-second simulation. This confirms that the stabilization
parameters are appropriate and the numerical integration maintains constraint satisfaction.

Without stabilization, constraint drift would accumulate over time, leading to physically unrealistic
configurations where the joints no longer satisfy the kinematic requirements.
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1.8 | Actuation Analysis

Degrees of freedom:
n =9 (coordinates) — 5 (constraints) = 4 (1.105)

The four DOF correspond to: (1) boat heave y1, (2) boat pitch 1, (3) arm rotation 65, and (4) prismatic
extension s.
Actuators:

1. Motor torque M at the revolute joint (controls 65)
2. Prismatic force F' along the sliding axis (controls s)

Thus p = 2.
Important: The wave forces Fy,; and F, are external disturbances, not actuators. They are not
controllable inputs and therefore do not count toward p.

’p =2<n=4 = Underactuated (1.106)

1.9 | Minimal Coordinates

The proposed alternative coordinate set is:

G =[y1 01 u2 93]T (1.107)

First, the number of DOF is checked to see that the alternative coordinate set matches the previous one
and as seen below, it does: dim(g,);) =4 = DOF

Given ¢4, we attempt to determine the remaining coordinates {z1, z2, 62, z3,y3}:
From h; =0: 2, =0

From hs =0: 05 =05

From hg =0: x5 = hosinfy + £5 cosfs

From h4y = 0 and the prismatic geometry, 3 and ys can be determined.

From constraint hs = 0 (revolute joint, y-direction):

y1 + hacosf; —ya + £2sinfls =0 (1.108)

Substituting 6, = 63 and solving for ys:

Y2 = Y1 + hacos by + £ sin b3 (1.109)

This reveals that y, is uniquely determined by the other three coordinates (yi,61,603) through the
revolute joint constraint.

Result: The proposed coordinate set gai; = [y1,61,%2,03]" is NOT a valid set of minimal
coordinates.

Reason: The coordinate y, is not independent—it is constrained by the revolute joint to
satisfy yo = y1 + hg cos 61 + £5 sin f3. Including yo alongside y;, 61, and 63 creates a redundant
coordinate set with an implicit constraint.
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2 | Problem 2

2.1 | Problem 2.1
2.1.1 | Part a

To find k,, with CM;, we can use the given information that the boat is horizontal and at rest, meaning
that y; = 0, 6; = 0. We use Equation 7a from the problem at equilibrium, meaning all time derivatives
equal zero.

2k, y1 — 10k, cos 61 + 3208 =0 (2.1)
With y; =0, 6; =0:
2k (0) — 10k,, cos(0) + 3208 = 0 (2.2)
—10k, + 3208 =0 (2.3)
ky = 328 = 32-10° N/m (2.4)

21.2 | Partb

To find all equilibrium configurations of the system, we can set all velocities and accelerations to zero in
the given equations of motion and with M = 0:

2ky1 — 10k, cos 61 + 3208 =0 (2.5)
—2008 sin 0; + 200k, sin(26,) + 625k, cos(61 — 62) + 10k, sinf1y; =0 (2.6)
7250 cos 65 — 625k cos(f1 — 62) =0 (2.7)

Using fsolve in MATLAB with the given constraints #; and 03, we found two equilibrium configurations.

Equilibrium Y1 [m] 61 [rad] (deg) 02 [rad] (deg)
1 —0.008309 —0.057657 (—3.30f) —0.028829 (—1.65F)
2 0 0 (0F) /2 (90F)

2.1.3 | Partc

Equilibrium 2:
,=0.0000 m, 6,=0.00°, 6,=90.00°

Equilibrium 1: .
y,=-0.0083 m, 0,=-3.30°, 6,=-1.65° 60

y[m]

Sea Level

Figure 2.1: Graphical representation of both equilibrium configurations.

2.2 | Problem 2.2
2.2.1 | Parta

To show that q. is an equilibrium point we simply substitute g, into equations 2.5-2.7.
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—0.008309 m —0.008309 m
Qe = |—0.057657 rad| = | —3.3035 (2.8)
—0.028829 rad —1.6518

Doing this, we got a residual norm of 2.49 x 108, which proves this as an equilibrium point.

2.2.2 | Part b
Here the linearized system around q. is represented as:

M,64 + D,6q + K,6q = S;0M (2.9)
The equations of motion (7a)-(7c) can first be written in the general form:

M(q)§4+C(q,9)q +£f(q,q) =SM +g (2.10)

To linearize around the equilibrium q., we did the following steps.

1. For the mass matrix M, we extracted the coefficients of [§1, 61, 92] directly from equations of motion
and then we evaluated them at qe.

2. For the damping matrix D;, we extracted the coefficients of [, 6, 92] from the velocity-dependent
terms and then we evaluated at qe.

3. For the stiffness matrix K, we took the partial derivatives of the position-dependent terms with
respect to [y, 61,02] and then evaluate them at qe:

of;
9g; Qe

Kij = (2.11)

4. The input matrix S, was found by extracting the coefficients of M from the right-hand side of
equations (7b) and (7c).

Mass Matrix M, (coefficients of q):

From equation (7a): 328¢; — 208 sin 616, + 72.58 cos 0305 + ... = 0

From equation (7b): —208sin 61§ + 9762.530, — 7258 sin(61 — 02)02 + ... = —M
From equation (7c): 72.58 cos 241 — 7258 sin(6, — 62)601 + 3809802 + ... = M

32 —20sin 0, 72.5 cos 0o,
MZ =B [ —20sin 64, 9762.5 —725 sin(91e — 025) (2.12)
72.5cos0. —T725sin(61e — Oae) 3809

At qe:
0.0320 0.0012 0.0725
M, ~10° x [0.0012 9.7625 0.0209| [kg or kg-m?] (2.13)
0.0725 0.0209 3.8090

Damping Matrix D, (coefficients of q):

From equation (7a): 2d,,31 + 10d,, sin 66,

From equation (7b): 10d., sin 6191 + [d; + (250 + 200 cos 291)dw]91 — dybs
From equation (7c): —d;01 + dy6

2d,, 10d,, sin 01, 0
D, = |10dy, sin 1. d; + (250 4 200 cos 20:1)d,, —dy (2.14)
0 —d; d;
At qe:
0.0045 —0.0013 0
D, ~10" x |—0.0013 1.0350 —0.0300| [Ns/m or Nms/rad] (2.15)
0 —0.0300 0.0300

Stiffness Matrix K, (partial derivatives of position-dependent terms):
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The position-dependent terms from equations (7a)-(7c) are:

f1 = 2kyy1 — 10k, cos 07 + 3208 (2.16)
f2 = —2008 sin 01 + 200k, sin(26,) + 625k, cos(f; — 62) + 10k, sin0; - y1 (2.17)
f3 = 7258 cos 03 — 625k; cos(61 — 605) (2.18)

Taking partial derivatives:

ofi 0fi Of

dyr 06, 902 2k 10k, sinf. 0
K = |52 52 SE| = |10kysinf:. Koo Ko (2.19)
ofs Ofs Ofs 0 K3 K3;
6y1 891 302 Qe
where:
Koo = g—gj = —2008 cos 01 + 400k, cos(2601.) — 625k, sin(01e — O2¢) + 10k, cos O:c - y1e (2.20)
K23 = g—gz = 625]{51 sin(Hle - 926) (221)
K33 = g—gz = —725,8 sin 926 - 625k‘1 Sin(ele - 926) (2.22)
At qe:
0.0064 —0.0018 0
K, ~10"" x [—0.0018 1.2533 —0.0021| [N/m or Nm/rad] (2.23)
0 —0.0021  0.0042

Input Matrix S
From equations (7b) and (7c), the torque M is —M in (7b) and +M in (7c):

0
S, = [_1] (2.24)

2.23 | Partc

In state-space:

[gg] - [—Me(_)lKg _M;l De] [gﬁ.ﬂ (2.25)

. /
-~

A

Given this representation, we can find the eigenvalues of A using the eig() function. The eigenvalues can
be seen below:

Eigenvalue Value
A1 —0.7336 + 1.2465¢
A2 —0.7336 — 1.2465¢
A3 —0.5301 + 0.9995¢
A4 —0.5301 — 0.9995¢
As —0.0393 4 0.0972¢
A6 —0.0393 — 0.0972:

All six eigenvalues have negative real parts. Therefore, the linearized system is asymptotically stable, and
by Lyapunov, q. is locally asymptotically stable for the nonlinear system.

224 | Partd

Here we simply solve the generalized eigenvalue problem K,¢ = w?M;¢ using the eig(K,M) function.
The modes have been put into a table below and graphed.
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Mode w; [rad/s] f; [Hz]

1 0.1047 0.0167
2 1.1324 0.1802
3 1.4464 0.2302

Undamped Eigenmodes

Mode 1: omega = 0.1047 rad/s Mode 2: omega = 1.1324 rad/s Mode 3: omega = 1.4464 rad/s

1 1 1
L 05 L 05 8 05
= 2 2
a a o
E £ E
< < <
- 0 o 0 - 0
I3 I3 3
N N N
© © ©
E E E
2 .05 2 05 2 05

1 -1 1

y1 theta, theta, Y1 theta, theta, V1 theta, theta,

Figure 2.2: The three undamped eigenmodes plotted for y;, 61, 62 against the normalized amplitude.

Normalized Eigenmodes [y1; 01; 62]:

Mode 1: [0.013;0.002;1.000] (f2 dominant) (2.26)
Mode 2: [—0.768; —1.000; 0.025] (6, dominant) (2.27)
Mode 3: [1.000; —0.002; —0.019] (y1 dominant) (2.28)
2.25 | Part e
The FRF from M to y; is:
H(jw) = [Ki —w®M;] 7 S, (2.29)

This was computed numerically via a frequency sweep over the range w € [0.01, 10] rad/s.

106 FRF Magnitude:

w, .13

108 |

1070 [

[HGew)| [m/Nm]

1012 f

1044 E L L Lo L L L L Lo L L L L Lo L
102 107 10° 10!
Frequency w [rad/s]

200 : S —  FRFPhase

150 - -
100 - =

50 - —

-50

Phase H(jw) [degrees]
o
T

-150 -

200 . . R I . . I S I . . R
102 107 10° 10°

Frequency w [rad/s]

Figure 2.3: Frequency Response Function (FRF) of the undamped system.
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2.26 | Part f

There are clear reasons why the resonance peaks occur at these frequencies.

B At w; = 0.105 rad/s, its primarily the arm rotation mode. Its the lowest frequency due to the large
arm inertia and a quite low restoring force from the cable. So here the arm oscillates while the boat
remains nearly still.

B At wy = 1.132 rad/s, the boat oscillates rotationally with some coupling to the vertical motion.
This mode is controlled mostly by the rotational stiffness of the buoyancy springs.

B At ws = 1.446 rad/s: it mainly involves the vertical oscillation of the boat. This is controlled
directly by the vertical buoyancy stiffness k.

2.2.7 | Part g
Key Features:

® As (w — 0), we can clearly see that |H(jw)| ~ |K; 'S;| which means we are stiffness controlled.
The slope is~ 0 dB/decade

B As (w — o0), we can see that |H (jw)| o w=2 which means we are mass-controlled. The slope is
= —40 dB/decade

2.2.8 | Part h
Given that w = \/k/m, there are a couple things that we can do to increase the resonance frequencies:

1. We can increase the stiffnesses. For example by making k,, larger (buoyancy, by using more/stiffer
flotation) and k; larger (cable), we increase w.

2. We can also decrease the masses: m1, mo, m3. Reducing ms might be realistic as we can reduce the
arm mass by using lightweight materials.

3. Moreover, we can decrease inertia Jq, Jo since rotational frequencies scale with w o< \/k/J.

4. We can also change the dimensions/geometry of the physical system, for example making the arm
length shorter to decrease effective inertia.

2.3 | Problem 2.3

Here we want to find the wave forces that produce the measured boat motion given the sensors. We
first calculated the derivatives of y;(t) and 6, (¢) analytically (rather than numerically) to avoid noise
amplification:

91(t) = 1.16 - 0.2 cos(0.2t — 7/4) = 0.232 cos(0.2t — 7/4) (
i1 (t) = —1.16 - 0.04sin(0.2t — 7/4) = —0.0464sin(0.2t — 7/4) (2.31
61 (t) = 0.09 - 0.2 cos(0.2t 4+ m/6) = 0.018 cos(0.2t + 7/6) (

( (

f1(t) = —0.09 - 0.04sin(0.2¢ + 7/6) = —0.0036 sin(0.2t + 7/6)
We then solve Equation 7c from the equations of motion in MATLAB as an ODE for 6,(t):

%2 = 35003 [ — 7258 cos fafjy + 7258 sin(6; — 82)f; + 7258 cos(6; — 02)62

+ dy (61 — 6,) — 7250 cos b + 625k, cos(8; — 02)} (2.34)
with initial conditions 2(0) = —0.0623 rad, 65(0) = —0.0011 rad/s.

We used MATLAB with ode45 as the solver to integrate the ODE over ¢ € [0, 300] seconds, making sure
to have tolerances of ‘RelTol‘ = 1071° and ‘AbsTol‘ = 10~!2 to ensure accuracy. Then we simply evaluate
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the left-hand side of Equations 7a and 7b, excluding wave force terms. The wave forces must balance
these:

F,, + F,, =LHS,, (2.35)
F,, -army + F,, - army = LHS7, (2.36)
where arm; = —bcosf; + h; sinf; and army = bcos 61 + hy sin#;. This is a 2 x 2 linear system solved for
(Fuw,, Fu,) at each time instant.
Property Fy, Fy,

Mean force 5.34 x 10’ N 4.99 x 10" N
Amplitude 4.62x 10’ N 5.71 x 107 N
Period 3141 s 3141 s

Frequency  0.200 rad/s  0.200 rad/s

0, Statistics:
® Mean: —0.05768 rad
® Amplitude: 0.04703 rad
m Final value: —0.00687 rad

Problem 2.3: Wave Disturbance Analysis

Wave Force atH,

F oy [MN]

Time [s]

Wave Force atH,

F o [MN]

0 50 100 150 200 250 300
Time [s]

> AEM@ QS
Arm Angle 6, £, A80QQ G

9, rad]

0 50 100 150 200 250 300

Figure 2.4: Wave disturbance analysis results showing the wave force F,,, at point H;, the wave force
F,, at point Hs, and the calculated arm angle 05(t).

There were some interesting observations that we can make from these graphs. First, the frequency
matches exactly. The forces oscillate at w = 0.2 rad/s ( T = 31.4 s), which is exactly the same as the wave
frequency we measured. Secondly, F,,, and F,,, have different amplitudes and phases, making the boat
bob up and down and tilt back and forth which seems realistic. Also, the forces are quite large(around
107 — 108 N), but since the boat is quite heavy (30 - 10° kg), it does make sense that it takes a lot of
force just to make it accelerate that way. Lastly, we also see that the mean force is positive. Which
makes sense because the boat oscillates around y; = 1.55 m (higher than equilibrium). At this height,
the buoyancy springs are stretched and provide less upward force than the boat’s weight; therefore, the
external wave forces must provide a upward/positive force to support the boat.
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